A three-dimensional analytical solution of the microheater temperature based on heat diffusion equation is developed and compared with experimental results. Dimensionless parameters are introduced to analyze the temperature rise time and the distribution under steady state. To study the microheater temperatures before bubble nucleation, a set of working fluids and microheaters are considered. It is shown that the dimensionless time n 0 required for the temperature rise from room to 95% of the steady state temperature is about 75, not dependent on working fluids and microheaters. Heat transfer to the surrounding liquid is mainly caused by conduction, not by convection and radiation mechanisms. The microheater length affects the surface temperature uniformity, while its width influences the steady temperatures significantly, yielding the transition from heterogeneous to homogeneous nucleation mechanism from square microheaters to narrow line microheaters.
Introduction
The fast development of MEMS (microelectromechanicalsystem) technology ensures scientists and industries to find new actuation solutions for microdevices. Microactuators can be categorized into several groups such as electrostatic, piezoelectric, magnetic, hydraulic and thermal actuators, depending on different driving mechanisms. Many microactuators use the thermal bubble expansion and shrinking to drive the microsystems, including the drug delivery, fluid sample extraction for biotechnology, micromirror arrays for high resolution displays, etc. The bubblepowered actuators are also used for heat engines or heat pumps.
The bubble-powered actuators have distinct advantages over other types of actuators due to operation in low voltages, easy implementation by using resistive heaters without mechanical microstructures. The instantaneous heat flux is significant high which is in the range of 10-100 MW/m 2 . However, the heat produced by the microheater is quite small due to the very small heating area used. Such heat can be dissipated through the heat transfer from the chip surface to the environment. The bubblepowered actuators using the pulse heating have been widely used in the ink-jet printers [1, 2] . The cycle period of the heating pulse is from several microseconds to milliseconds. Other applications can be found for micromixers, micropumps, etc.
As noted by Refs. [3] [4] [5] [6] [7] [8] , the violent explosive boiling can take place at sufficient high heating rates. Another factor inducing the above phenomenon may be the ultra smooth surface due to the MEMS fabrication. The reported surface roughness is down to 5 nm [9] , which is in the same order of the critical bubble nucleation size for the homogeneous nucleation.
The microheater temperatures can be obtained by the linear relationship between the resistance and the temperature. Measurement of the instantaneous resistance could yield the temperature. However, this method can not give any information on the spatial temperature distribution at the heating surface.
There are two types of microheaters in the references: the ultra-thin line microheater and the square microheater fabricated by MEMS techniques. It is shown that the onedimensional heat diffusion equation is suitable for the line microheater by comparing with the experiments [10] [11] [12] . However, the numerical simulations using the two-dimen- sional heat diffusion equation underestimate the temperatures for the square microheaters [13] . Besides, the threedimensional computations deviate from the measured temperatures of T and the heating rates of dT/dt for square microheaters [15] .
In the present paper, we developed a three-dimensional analytical solution of the transient temperatures for the square microheaters. We discuss the important heat transfer mechanisms influencing the boundary conditions. We introduce a set of dimensionless parameters to characterize the problem. We present some computed results, considering effects of microheater sizes and liquids. The present work is useful for the microheater design and selection for the bubble-powered microactuators. Table 1 gives the microheater sizes, materials, and the liquid that the microheater is immersed in Tables 2 and 3 show the thermal properties of the microheaters and the liquids, respectively.
2. Three-dimensional analytical solution for the microheaters
The governing equation
The thin film of platinum or polysilicon may be used as the heating element in MEMS industry. Generally the solid substrate is the silicon wafer. There should be a sublayer of silicon dioxide below the heating element. However, depending on different MEMS fabrication techniques, there maybe another sublayer of silicon nitride between the heating element and the silicon dioxide sublayer. Fig. 1a shows the three-dimensional geometry. Due to the symmetry of the geometry, only one-fourth of the whole computation domain is needed to be considered. Fig. 1b and c show the computation domains for the polysilicon and platinum microheaters, respectively. The threedimensional heat conduction equation for the thin film microheater can be written as
where a s is the thermal diffusivity and k s is the thermal conductivity. The last term of Eq. (1) represents the internal heat source. Assuming that the Joule heating on the electric pads can be neglected, the internal heat source can be written as
where I, R 0 , V are the current, resistance at the room temperature and volume of the thin film, respectively. J = I/(W AE Z s ) is the current density defined in terms of the cross-sectional area of the thin film heater. q 0 is the resistivity Table 2 Thermal properties of thin film materials Table 3 Thermal properties of working liquids (characteristic temperature: of the thin film resistance at the room temperature of T 0 , a is the temperature coefficient of the thin film resistance. W is the width and Z s is the thickness of the thin film heater. Because the film thickness is ultra-thin in nanoscale, the classical expression of R 0 = q 0 L/(W AE Z s ) is not valid. Instead, we use R 0 = q sheet L/W, where q sheet is the resistance of the thin film per unit length measured at the given thickness after the fabrication process.
Determination of the boundary conditions
Eq. (1) has the following boundary conditions:
Initial condition:
where L is the microheater length. Eq.
(1) is difficult to be solved subjected to the boundary and initial conditions of Eqs. (3)- (9) . Thus the simplification of the boundary conditions is necessary using the energy balance technique.
During the heating period of a heating pulse, the major part of the Joule heat is used for the temperature rise for the microheater, but some part of the heat is transferred to the surrounding liquid and the solid substrate through the sublayers of silicon dioxide and/or silicon nitride. Due to the large thermal conductivity of the silicon, the silicon is assumed to have the same temperature of the liquid. Therefore heat loss to the silicon dioxide sublayer is
where Q i is the heat transferred from the thin film heater to the thermal insulation layers of the silicon dioxide and/or silicon nitride, k i and Z i are the thermal conductivity and thickness of the thermal insulation layer, respectively. These parameters are selected for the specific values if only one sublayer exists. In case of both two sublayers of SiO 2 and Si 3 N 4 existing, these parameters can be computed as 
The single-phase liquid heat transfer occurs between the microheater and its surrounding liquid before bubble nucleation. The uncertainty of the temperature computations is significantly large if only convective heat transfer is considered [15] . Thus the conductive, convective and radiative heat transfer are all considered here.
We
h 0 is written as
The convective heat transfer coefficient h 1 can be obtained through the Nusselt number expressed in the following form due to the natural heat transfer mechanism [15] . 
The radiative heat transfer coefficient h 2 is written as
As shown in Table 4 , the ratio of h 3 relative to h 0 is less than 5%, indicating the conductive heat transfer domains the process. Guo and Li [16] noted that heat transfer in a microenclosure can be divided into three regions. The Nusselt number is given as Nu $ Ra 0.33 for Ra > 10 6 . It is Nu $ Ra
for Ra number ranging from 10 3 to 10 6 if the buoyancy force is neglected. Both the viscous and buoyancy forces can be neglected for Ra < 10 3 . Heat transfer is only caused by conduction under the present circumstance. The Ra number is sufficiently lower than 10 3 in micron scale. Thus the conductive heat transfer domains, i.e., h 4 ! h 0 . Because the thickness of the liquid sublayer above the microheater surface is unknown, heat transfer from the microheater to the liquid is difficult to be estimated. Thus a shape factor F s is introduced.
Lin [17] gave the shape factor F s for line heaters, which is dependent on the thermal conductivities of liquid, oxide film and silicon substrate. The oxide film thickness and microheater width also affect F s . Table 1 lists the shape factors used in the present paper, which induce the computations of h 4 in terms of Eq. (16).
The dimensionless heat diffusion equation
The three-dimensional heat diffusion equation can be expressed as follows:
Eq. (17) is subjected to the following dimensionless parameters:
The dimensionless boundary and initial conditions are
The classical bubble nucleation theory tells us that the homogeneous nucleation temperature approaches 0.9 times of the critical temperature of liquid [18] . Thus the Table 4 Analysis of the dominant heat transfer mechanism 
The analytical solution of the dimensionless equation
The variable separation and green function techniques were used to develop the analytical solution, based on Ö ZISIK [19] .
where b m , c n , l p , N(b m ), N(c n ), N(l p ) can be computed as follows:
where
4, . . . 1 and g and r are expressed as
Validation of the analytical solution
The present analytical solutions are compared with the experiment data and the analytical solution in Ref. [10] . Table 5 and Figs. 2 and 3 show the comparison results. It is difficult to obtain the spatial temperature distribution at the microheater surface from the experiment. In fact the maximum dimensionless temperature given in Table 5 is the averaged value across the whole heating surface at the bubble nucleation time. It is shown from Table 5 that the computed values of h amax is slightly higher than h emax but their difference is less than 4%. Fig. 2 indicates the same trend of the temperatures versus time for both the one-dimensional and three-dimensional analytical solutions. The comparison is performed when the current flowing through the microheater is 11.34 mA. Fig. 3 shows that the curve of the one-dimensional steady temperatures versus x + is between the two curves of the three-dimensional analytical solutions at y + = 0 and y/W = 0.5. It is noted that the 1D analytical solution can only give the temperature distribution along the axial coordinate, while the 3D analytical solution gives those in all the three coordinates. The temperature distribution in the microheater width direction affects the bubble nucleation, which is illustrated later. In summary, the above comparisons give the evidence that the present 3D analytical solution is correct for the microheater temperature analysis.
The three-dimensional analytical solution would become more convincing if more data of the transient tem- peratures at the microheater surface are compared. However, as noted previously, the spatial temperature distribution at such a small heater surface is quite difficult to get from the experiment point of view.
Results and discussion
3.1. The dimensionless time n Fig. 4 shows the dimensionless temperatures versus time in unit for various microheaters and liquids. The analytical solutions are performed based on the input parameters from Weng [14] . It is indicated that the time required to reach the steady state is different from case to case. However, it is seen from Fig. 5 that the dimensionless time n 0 required to reach 95% of the steady state temperature is the same for any case. Such value is about 75, indicating that the dimensionless time n is an important parameter to characterize the problem. The steady state temperatures are identified by Weng [14] as that above which the bubble nucleation takes place. Fig. 6 shows the steady spatial temperature distribution at the heating surface for the microheaters 400, 401, 402, and 403, which have the same width of 10 lm and lengths of 50 lm, 100 lm, 30 lm, and 10 lm, respectively. The heating element is platinum with the thickness of 100 nm. Two sublayers of silicon dioxide and silicon nitride exist between the platinum film and the silicon substrate. The liquid is water. The current density is the same with J = I/(Z s W) at the given current of 0.245 A. It is observed that the temperatures are sharply increased from the junction area of x = 0 to reach a constant that will be kept until at x = L/2. The sharp transition areas of the temperatures cover 1/6 of the total heating surface for the microheater 401 (see Fig. 6b ), 1/3 for the microheater 400 (see Fig. 6a ), and 1/2 for the microheater 402 (see Fig. 6c ). It is observed that the temperatures have the trapezoid distribution along the x coordinate for the above three microheaters. Besides, it is interesting to find that the transition length in dimensionless unit from the junction area of x + = 0 to the steady state temperature is about 20 for the three microheaters. The value of 20 may be changed for the different microheaters and liquids except Fig. 6 .
Effect of the microheater length
The microheater 403 is a square one. The temperatures at the heater surface have a parabolic shape along the x coordinate (see Fig. 6d ), which is significantly different from those shown in Fig. 6a-c . Because the half heater length in dimensionless unit is smaller than 20, the sharp transition area is not observed, indicating the strong microheater length effect on the temperature distributions.
In summary, the microheater has larger uniform temperature area with increasing the aspect ratio of L/W. In other words, longer the microheater, more uniform is the microheater temperature. Fig. 7 shows the temperature distribution at the heating surface for the microheaters 301, 302 and 303, which have the length of 75 lm but widths of 2 lm, 4 lm and 8 lm, respectively. The liquid is methanol. The currents flowing through the microheaters are 11.34, 17.31, 30.4 mA, corresponding to the current density of 19.8, 15.1 and 13.3 mA/ lm 2 , respectively. The input parameters for the analytical computations in Fig. 7 are from Weng [14] under which the bubble nucleation could occur. It is seen from Fig. 7 that the temperature difference Dh between the microheater center at y = 0 and at the margin of y = W/2 is 0.0194 for the microheater 301, 0.0151 for the microheater 302, and 0.0150 for the microheater 303.
Effect of the microheater width
It is understood that Q side /Q up (the ratio of the heat loss from the microheater margin to the liquid, relative to that from the microheater surface to the liquid), is proportional to Z s /W (the ratio of the microheater thickness to the width), deduced from the heat transfer analysis. Thus Q side /Q up is larger for a narrower heater than that for a wider one. The narrower slim microheater needs larger current density to trigger the bubble nucleation. The microheater geometry influences the bubble nucleation behavior, which will be described later. Fig. 8 shows the axial temperature distribution at the microheater center of y = 0. The liquid is methanol for the microheaters 301, 303, 304, 306, and FC72 for the microheaters 100, 200. The input parameters for Fig. 8a and b are from Weng [14] , while the input parameters for Fig. 8c are from Lee et al. [10] . It is seen that the dimensionless temperatures for the 2 lm width microheaters 301 in Fig. 8a and 304 in Fig. 8b are greatly larger than unity, corresponding to the homogeneous bubble nucleation at the heater surface. However, the 8lm width microheaters 303 in Fig. 8a and 306 in Fig. 8b have the dimensionless temperatures less than unity, corresponding to the heterogeneous bubble nucleation at the heater surface. Fig. 8c also shows the similar trend. This finding demonstrates that the homogeneous bubble nucleation can switch to the heterogeneous one with continuous decreasing the aspect ratio of L/W for microheaters, under the ultra-high heating rates.
Based on Blander et al. [20] , Prosperetti and Plesset [21] , the homogeneous bubble nucleation occurs at the superheat limit of 0.9T c , i.e. h = 1. The previous studies [10, 14] and our present analytical solutions for the microheater temperatures indicate that the homogeneous bubble nucleation can occur at h > 1 for the slim microheaters. On the other hand, the heterogeneous bubble nucleation can take place at h < 1 for the wider microheaters. Fig. 9 shows the hybrid effects of the microheater thickness and width on the temperature distributions at the center plane of x = L/2. The computations were performed for the microheaters of 400, 401, and 402. The platinum film thickness is 100 nm, and the thickness of the two sublayers (Si 3 N 4 /SiO 2 ) is 1.5 lm for the three subfigures in Fig. 9 . The lengths of the three microheaters are different (see Table 1 ). It is seen from Fig. 9 that the temperature difference across the thickness direction is very small, which is less than 0.2°C between the top and bottom surfaces of the platinum film. However, the temperatures along the width direction (y coordinate) have the parabolic shape distribution. The dimensionless temperature h is less than 0.035, corresponding to the temperature difference less than 10°C, from the center plane of y = 0 to the margin of y = W/2, shown in Fig. 9a-c . As noted previously in this paper, the dimensionless time of n 0 defined as time divided by Z s Z i /a s is an important parameter, governing the temperature rise time from room to 0.95 times of the steady temperature.
Effect of the microheater thickness

Conclusion
We present a three-dimensional analytical solution for the transient microheater temperatures at the heating surface, during the pulse heating for the bubble-powered microactuators. The dimensionless analysis was performed for the heat diffusion equation and its related initial and boundary conditions. A set of microheater sizes and working liquids are taken into consideration. It is found that the dimensionless time for the microheater temperature rise from the room to the 95% of the steady state is about 75, no matter what microheaters and liquids are used, which is very useful to estimate how long is necessary for the bubble nucleation. The microheater length affects the uniformity of surface temperatures. The longer the microheater is, the more uniform of the microheater temperature is. The microheater width influences the bubble nucleation behavior. It is demonstrated that the homogeneous bubble nucleation can switch to the heterogeneous one with continuous decreasing the aspect ratio of L/W for microheaters, under the ultra-high heating rates. The thicknesses of the microheater and the related insulation material govern the time for the temperature rise from room to 0.95 of the steady temperature. 
